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An experimental model of a Duffing oscillator is presented. It consists of a linear inductance, a 
resistance and a ferroelectric nonlinear capacitance. A computer controlled measuring system 
recorded quantitatively the phase portrait of this series-resonance circuit. The comparison of exper-
imentally observed phase portraits with those calculated by a computer allows to check different 
assumptions about the nature of the nonlinear properties. 

1. Introduction 

A widely investigated nonl inear dynamical system 
is the so called Duffing oscillator (e.g. [1 - 6 ] ) . It offers 
a great variety of bifurcat ion cascades. In this paper a 
Duffing oscillator is represented by a series-resonance 
circuit, consisting of a linear inductance and a nonlin-
ear capacitance. A ferroelectric triglycine sulfate crys-
tal (TGS) was used as nonl inear capacitance. The 
structural phase transit ion in T G S provides the possi-
bility of varying the dielectric propert ies of the res-
ona to r in a large range by merely changing the tem-
pera ture of the sample. 

The aim of the present paper is to show that moni-
toring the phase port ra i t of the series-resonance cir-
cuit is a useful tool for the s tudy of the nonlinear 
dielectric propert ies of T G S above and below the tem-
perature of the phase transit ion. 

A compute r controlled measur ing system recorded 
quanti tat ively the phase por t ra i t of the resonance cir-
cuit. Fur the rmore , different me thods were used to de-
termine the dielectric nonl inear coefficient. F r o m a 
compar i son of calculated and observed phase por-
traits the parameters of the Duff ing equat ion are de-
termined. We discuss the quest ion which information 
is provided by the phase por t ra i t . 

2. The Dielectric Nonlinear Series-Resonance Circuit 

CN L (see Figure 1). R s describes the loss of the reso-
nance circuit. The resonance circuit is driven by a 
sinusoidal voltage U0 cos coc t. The following differen-
tial equat ion describes the behaviour of the circuit: 

£>2 + 7 ^ 2 + b l L r 
E MI — 

1 

blL, 
Un COS CO„ t . ( 1 ) 

Here D2 is the dielectric displacement, a the thickness, 
I the length and b the width of the sample. The electric 
field strength £ N L at the crystal a long the ferroelectric 
axis is a nonlinear funct ion of the dielectric displace-
ment. It may be derived (e.g. [7]) by means of the 
Landau- theory: 

Fm, =A D 2 + BDl with A = / 4 0 ( 3 - 3 0 ) , (2) 

where A0 and B are positive constants and # is 
the temperature. In the case of T G S the value of the 
Curie- temperature is 3 c = 49°C. Inserting (2) into (1) 
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O u r series-resonance circuit consists of a linear in-
ductance L 0 and the dielectric nonl inear capaci tance 
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Fig. 2. Phase portrait of the series-resonance circuit at different driving 
voltages U0 below the phase transition point. 
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Fig. 3. Phase portraits of the series-resonance circuit at different tem-
peratures. 
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provides the DufTing-equation 

a A aB •• Rs • 
D2 + T±D2 + blL, 

D 7 + 
blL, 

Dl = 
Vn 

(3) 

blL0 
cos co„ t . 

At temperatures above 3C an oscillation of D2 in a 
potential with one min imum may be observed. Below 

the potential becomes a double-well one. In order 
to compare calculated and observed phase portrai ts it 
is necessary to determine all coefficients of (3). 

In the case of paraelectric T G S the measurement of 
the dielectric permittivity and the quality factor of the 
resonance circuit may be used to determine the coeffi-
cients A and RJL0, respectively [8, 11]. The coeffi-
cient B was calculated f rom the shift of the resonance 
frequency in dependence on the driving voltage U0: 

zlco = 
3 Q 2 (Q0eB 

8a2 A3 U0
2 (4) 

where co0e is the resonance frequency at small voltages 
U0 and Q is the quali ty factor of the circuit. In the case 
of ferroelectric T G S the coefficients A and B where 
determined f rom the relations for the spontaneous 
polar izat ion 

Ö 2 s p = ± 

and for the coercive field strength 

F = + coer X 

(5) 

(6) 

These values could be measured from the hysteresis 
loop of the TGS-crystal . 

3. Experimental Representation of Phase Portrai ts 

The first phase portrai ts were recorded by an ana-
logue measur ing system [9-11] . Figure 2 shows phase 
por t ra i ts of the series-resonance circuit at different 
driving voltages U0 below the phase transit ion point. 
Figure 3 provides the phase portrai ts of the resonance 
circuit at different temperatures below the phase t ran-
sition with constant exciting voltage U0. In order to 
reduce heat ing effects in the sample, a computer con-
trolled measur ing system with very short measuring 
time for a quant i ta t ive recording of the phase port ra i t 
was developed. 

Figure 4 represents the block diagram of the mea-
suring system. Across the linear capacitance C 0 a sig-

Fig. 4. Block diagram of the measuring system for recording 
the phase portrait. 

nal p ropor t iona l to the dielectric displacement D2 is 
recorded. It is possible to vary the tempera ture of the 
nonl inear capaci tance C N L . A variation of tempera-

B U0 ture causes mainly a change in the — and — ratios. 
A A 

Fur ther , the ampli tude and frequency of the driving 
voltage can be changed. The measuring system is 
based on a fully p rog rammab le true dual-channel dig-
itizer (Sony/Textronic R T D 710). The digitizer pro-
vides 10-bit resolution at a 200 M H z max imum sam-
pling rate (single-channel mode). The da t a memory is 
provided by 64 K words (10 bits per word) of a local 
high-speed R A M . The generator (Philips P M 5192) is 
fully programmable . Wi th the computer controlled 
measur ing system coupled by IEEE 488 bus the fol-
lowing measur ing sequence can be realized: 

- Switch on the exciting voltage 
- Record the response of the system (here a delay, in 

order to obta in the s ta t ionary state, or transient 
oscillations of the series-resonance circuit may be 
selected 

- Switch off the exciting voltage. 

Figures 5 - 7 are obta ined with this device. Figure 5 
represents the excitation U ( r ) , the response function 
D 2 ( t ) and the phase por t ra i t D 2 = D2{D2) , where D2 is 
calculated by the computer . By removing the induc-
tance L 0 the hysteresis loop may be recorded at the 
same frequency as the phase portrait . The measuring 
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Fig. 5. Experimentally recorded excitation, hysteresis loop, response function and phase portrait below 3C. 

25 r -

~ 20 

15 

10 r 

£ 8 

O 4. r 

10 20 30 

W/2TI (103HZ) w/2TT (IO'HZ) 

Fig. 6. Fourier spectra of the excitation and of the response function D2 (amplitude in arbitrary units). 
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Fig. 7. Experimentally determined response function and phase portrait of transient oscillations. 
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Fig. 8. Experimentally determined relation D2 = D2(E2) and phase portrait above 3C. 
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t ime is 2.5 ms. Fur thermore , the calculated Four ier 
spectra of the excitation and of the response function 
D2 (see Fig. 6) can be obtained. Figure 7 shows the 
response funct ion of a transient oscillation. 

4. Numerical Calculation of Phase Portraits 

In order to calculate the phase portrai ts above and 
below the phase transit ion temperature the nonl inear 
differential equat ion is to be solved. In the paraelectric 
phase we used the value of the nonlinear dielectric 
coefficient determined by measuring the shift of the 
resonance frequency in dependence on the ampli tude 
of the excitation. In the ferroelectric phase the com-
puter simulation was carried out with values of the 
coefficients A and B determined according to (5) and 
(6). The results of the computer simulation were repre-
sented in a form corresponding to the measured 
records. 

5. Comparison of Calculated 
and Observed Phase Portraits 

The phase por t ra i t s of the series-resonance circuit 
were recorded at different tempera tures above and 
below the phase transit ion. 

Figure 8 shows the experimentally determined rela-
t ion D2 — 2(E2) and the phase por t ra i t at the tempera-
ture ,9 = 49.85 °C. At the same tempera ture the follow-
ing coefficients of the Duffing equat ion (3) are 
determined experimentally [12]: 

Q = 4 4 . 5 2 , U0 = 23.0 V 

0Jn„ = 2 7 i -25 820 s " 1 , a = 0 . 5 5 1 0 " 3 m , 

107 V m A " 1 s " 1 , co = 2 n - 4 0 0 0 s " 1 . 
Oe 

A = 4 . 2 8 

The results of the compute r s imulat ion with these 
coefficients and the experimentally observed phase 
por t ra i t s are quanti tat ively in good agreement. 
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Fig. 9. Computer simulation of the thermodynamic 
potential, hysteresis loop and phase portrait below 

Figures 5 - 7 show the experimental results below 
the phase transition at the tempera ture 5 = 45.26 °C. 
At the same tempera ture the coefficients of the Duff ing 
equat ion (3) are determined experimentally and the 
corresponding simulation is carried out. 

The hysteresis loop (see Fig. 5) was recorded and 
the coefficients A and B were determined by the values 
of the spontaneous polar izat ion (5) and of the coercive 
field strength (6). The coefficients A and B derived 
f rom the hysteresis loop become 

, 4 = - 2 . 1 8 • 106 V m A - 1 s " \ 

B= 4.44 • lO1 0 V m A ~ 3 s - 3 . 

Figure 9 shows the result of the compute r simula-
tion with these coefficients. The influence of an inter-
nal bias field ( £ = = 2500 V/m) is added. In this case the 
thermodynamic potential 

A t B A G = G0+~D2
2+-D$-E=D2 

is used. The calculated and observed phase por t ra i t s 
agree well with the computer simulation derived f rom 
the hysteresis loop. By measuring the hysteresis loop 
and the phase portrai t the influence of the domain 
reor ientat ion on the nonlinear dielectric propert ies is 
observed. 

The conclusion that phase portrai ts provide infor-
ma t ion abou t the "effective thermodynamic potent ia l" 
is suppor ted by the high sensitivity of the phase por-
traits against a bias field at the sample. Figure 10 
represents the influence of a very small bias field 
£ = = + 2 7 2 0 V/m on the phase portrai t in the fer-
roelectric phase. 

8. Summary 

The experimentally obtained phase port ra i t pro-
vides addi t ional information about the nonl inear dy-
namical behaviour near the structural phase transi-
tion. With knowledge of the linear and nonl inear 
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Fig. 10. Influence of a bias field on the phase portrait in the ferroelectric phase. 

propert ies of the system it is possible to obta in the 
phase port ra i t with a computer . Particularly the com-
parison of calculated and experimental phase por-
traits yields hints about the nature of the nonlinear 
propert ies and underlying physical mechanisms. The 
record of the phase portrai t provides the oppor tuni ty 
to investigate the nonlinear dynamics in dependence 
on the frequency in order to study for example switch-

ing processes in ferroelectric and ferroelastic materi-
als. 

An advantage of measurements compared to nu-
merical s imulat ions is the possibility to ascribe the 
nonl inear phenomena to part icular physical effects, 
that means in our case to dielectric nonlinearities in a 
ferroelectric crystal near the phase transit ion. 
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